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1.0 INTRODUCTION
The technology of reconstructing motor vehicle accidents has achieved a significant level
of scientific accuracy over the last 30 to 40 years. Computer programs have been
developed and are commercially available to assist reconstructionists with the tedious
mathematical tasks frequently involved in computing speeds in standard traffic collisions
between vehicles and objects. Some programs draw elaborate pictures and produce
moving graphics. However, for the non-typical crash, the underlying mathematical
formulation of these programs addressed at standard crashes often is not capable of
calculating impact speeds due to missing after-impact data or unique crash configurations
or geometries.
The purpose of this paper is to assist the reader not sufficiently familiar with the physics
and engineering mechanics concepts with the formulation of non-typical crashes, to bring
together a selected group of not-typical crashes, as well as to use MARC 1 software
where appropriate for the reconstruction of the non-typical crash.
Non-typical collisions as used in this paper are defined as single or two - vehicle crashes
where some of the following conditions exist:
1. Some critical after-impact data may be missing.
2. Standard Linear Momentum Method (LMM) does not yield a solution.
3. At the common velocity point material properties such as the coefficient of
restitution may have to be considered.
4. At the contact point a sliding coefficient of friction may have to be considered.
5. Geometrical constraints such as a “hooking assumptions” may have to be
considered.
6. Two impulse locations may have to be considered for one of the bodies.
7. The after- or pre-impact motion constraints are unique and not easily formulated.
8. In most of the non-typical crashes a case-specific problem formulation must be
carried out. This means that a “canned-just-plug in” formulation is not available.
Consequently, non-typical collisions as defined here frequently require the case-specific
non-typical derivation of the governing impact speed equation(s). Standard LMM
reconstruction methods generally will not yield accurate and court/deposition-defensible
answers. Non-typical as used in this paper does not refer to accidents involving nontypical driver behavior or other factors not related to the actual collision mechanics.
Several of the different non-typical impact configurations discussed in this paper have
been have been published in Motor Vehicle Accident Reconstruction and Cause Analysis,
Reference 1 (how to order see www.pcbrakeinc.com) and are part of the MARC 1
software. In particular, MARC 1 Module W analyzes some non-typical collisions with
restitution, while Module X analyzes collisions with missing after-impact accident scene
data not workable with the standard LLM. MARC 1 software is available at no cost from
the pcbrakeinc.com website.
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2. 0 RECONSTRUCTION FUNDAMENTALS
2.1.

NEWTON SECOND LAW

2.1.1 LINEAR MOMENTUM
Newton’s Second Law states that when an external (non-balanced) force F is acting on a
body of mass m, the body accelerates (or decelerates) at a (ft/sec2), that is, its velocity
changes (∆V) during the time (∆t) the force is acting on the mass. For a given external
force the acceleration will be larger for a smaller mass.
F = ma = m (∆V/∆t), lb

(1)

Equation 1 can be rearranged as:
F∆t = m ∆V , lbsec

(2)

The left side of Equation 2 is called the impulse P of force times time, that is, that
dynamic quantity that changes the motion state of a body. The right side of Equation 2 is
called the momentum of mass times velocity of a body.
Using the terms of the velocity-time diagram shown in Figure 1, Equation 2 becomes:
F (t2 – t1) = m (V12 – V11), lbsec

(3)

Consider a fully loaded tractor-semitrailer weighing 80,000 lb accelerating from a stop
sign for 4 sec with an average drive thrust force of 5000 lb. Calculate the velocity at the
end of 4 seconds, acceleration and impulse.
The mass of the semi is m = W/g = 80,000/32.2 = 2484.5 lbsec2/ft. Since V11 = 0,
velocity V12 = (5000)(4)/(2484.5) = 8.05 ft/sec or 5.49 mph. From Equation 1 the
acceleration is: a = F/m = 5000/2484.5 = 2.01 ft/sec2. The impulse P = F (t2 – t1) =
5000)(4) = 20,000 lbsec.
Now consider two vehicles involved in a head-on collision as illustrated in Figure 2.
Both vehicles are free-rolling without braking during impact. We ignore any external
horizontal forces between tires and ground. As testing and analysis have shown, the
assumption of ignoring external forces, such as braking forces, is valid for impact speeds
greater than 15 to 20 mph. Readers interested in analyzing low-impact speed crashes
where tire-braking forces must be included, are directed to Short Paper PCB 10 – 2006,
as well as Ref. 1 Supplement, Chapter 43, “In-Line Low Impact Speed Analysis”.
The impact between both vehicles is of extreme short duration, typically ranging from
100 to 200 ms. Impact forces are large. During impact, force F1 acting on vehicle 1 is
equal in magnitude but opposite in direction to force F2 acting on vehicle 2.
Consequently, the impulses are also equal and opposite, yielding:
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- P1x = P2x

(4)

Impulse of vehicle 1: m1 (V12 – V11) = - P1x

(5a)

Impulse of vehicle 2: m2 (V22 – V21) =

(5b)

P2x

Combining Equations 5a and 5b yields:
-m1 (V12 – V11) = m2 (V22 – V21); lbsec

(6)

Equation 6 can be arranged to yield the standard linear momentum (LM) expression:
m1 V11 + m2 V21 = m1 V12 + m2 V22; lbsec

(7)

Equation 7 states that the linear momentum of both vehicles before impact equals the
linear momentum of both cars after impact.
The question may be asked if Equation 7 is a general law? No, it is not since a limiting
assumption was made concerning exclusion of tire braking forces. For low-speed
impacts Equation 4 is modified by including the impulse due to braking, expressed as
braking forces multiplied by the crash compression and restitution times. Equation 7
places no limitations on the coefficient of restitution, that is, e-values may range between
plastic (e = 0) to elastic impacts (e = 1). The reader is referred to Section 33-1 of Ref. 1
for an in-depth analysis of in-line collisions.
In Equation 7 all four velocities are unknown. For an oblique collision, momentum is
conserved in the x- and y-directions, yielding two independent linear momentum
equations. For plastic impacts with e = 0, the after-impact velocities have to be equal,
that is, V12 = V22 = Vc = where Vc equals the common velocity. In the standard linear
momentum method (LMM) used in most reconstructions a plastic impact is assumed.
Consequently, the after-impact velocity vectors in the principal primary crush direction
(PDOF) for both vehicles have to be approximately equal, frequently overlooked by
reconstruction experts.
The fundamental limits inherent in the standard LMM are: 1. No external braking or tire
side forces are considered, and 2. Plastic impact (e = 0) is assumed. Other limitations are
usually stated by software producers including PC-BRAKE, Inc’s MARC 1 software.
Using the definition of the coefficient of restitution e = (V22 – V12)/(V11 – V21), yields
the velocities before impact as a function of the after-impact velocities:
Vehicle 1: V11 = (m1V12 + m2 (V22 – (V12 – V22)/e))/(m1 + m2); ft/sec

(8)

Vehicle 2: V21 = (m2V22 + m1 (V12 – (V22 - V12)/e))/(m1 + m2); ft/sec

(9)

Inspection of Equations 8 and 9 reveals division by e. For plastic impact with e = 0, the
reader might be mislead in thinking, that the impacts velocities would be negative
infinite. However, the reader is also reminded, that for example, for vehicle 1, the ratio
term (V12 – V22)/e is indeterminate, that is 0/0, since for a plastic impact both V12 = V22 or
V12 – V22 = 0, and e = 0.
MARC 1 Module W 2 analyzes in-line collisions with restitution for cases where tireroad braking forces can be neglected.
2.1.2. ROTATIONAL OR ANGULAR MOMENTUM
Equation 2 can be expressed for angular or rotational momentum as:
M ∆t = Icg ∆ω; lbftsec

(10)

Where: M = P l; lbft (moment of momentum)
Icg = mass moment of inertia about center-of-gravity (no hooking assumption),
lbftsec2
P = impulse, lbsec
l = perpendicular lever arm of impulse about center-of-gravity, ft
ω = angular velocity of body, rad/sec
The angle of rotation is computed by the ratio of circumferential distance ∆S traveled on
a circular path to its radius r. The measure Radian is the ratio of circumferential distance
measured in feet for a circle having a radius of one foot (Re. 1). Consequently, the unit
of radian is dimensionless (distance over radius or ft/ft = 1).
Equation 10 can be rewritten as:
P l = Icg1 (ω12 - ω11); lbsecft

(11)

The left side of Equation 11 is the Moment of Momentum, the right side the Angular
Momentum.
Equation 7 can be written for conservation of angular momentum in the absence of
external moments as:
Icg1 ω11 + Icg2 ω21 = Icg1 ω12 + Icg2 ω22; lbftsec

(12)

3.0 APPLICATIONS
3.1. RIGHT ANGLE PLASTIC IMPACT
A motorcycle (vehicle 1) impacts a stationary pickup truck (vehicle 2) at 90 degrees. The
crush damage to the truck is shown in Figures 3. The impact is assumed to be plastic (e =
0) due to the severe crush deformation. The pickup truck rotated counter-clock-wise
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approximately 110 degrees after impact (β22 = 110 deg). See also Section 33-5(a) of
Ref.1 for additional details.
Since the pickup truck is stationary at the moment of impact, it contributes no energy to
the speed analysis of the motorcycle. If the crush energies for both vehicles were known,
Equation 33-14 of Ref. 1 would yield the impact speed of the motorcycle against the side
of the pickup truck.
The impact configuration is illustrated in Figure 4. For the “simple” analysis of this case,
we assume no impulse in the x-direction, that is, P1x = P2x = 0.
Linear Impulse:
Vehicle 1: Py = m1 (V12y – V11y)

(13)

Vehicle 2: Py = m2 (V22y – V21y)

(14)

Angular Momentum or moment of impulse:
Vehicle 2: Icg2 (ω22 – 0) = Py lx2

(15)

Solving Equations 13 and 14 for the velocity change of the motorcycle experienced
during impact in the y-direction yields:
V12y – V11 = ∆V1 = (Icg2 ω22)/(m1lx2); ft/sec

(16)

The angular velocity ω22 of the pickup truck after impact is computed from the angle
rotated after impact and the rotational coefficient of friction. Equation 21-17 of Ref. 1 is
repeated below:
ω22 = 0.132 ((W2 fr2 (WB2) β22)/Icg2)1/2 ; rad/sec

(17)

where: W2 = weight of vehicle 2, lb
WB2 = wheelbase of vehicle 2, ft
fr2 = rotational coefficient of friction of vehicle 2
The mass moment of inertia of a car or pickup truck is computed by the empirical
relationship (Equation 33-33 of Ref. 1) as:
Icg2 = (0.004) W2 L2 (WB2); lbftsec2
where: L2 = overall vehicle 2 length, ft
Continuing with the solution, we have for W2 = 4600 lb, L2 = 16 ft, WB2 = 10.5 ft:
Icg 2 = (0.004)(4600)(16)(10.5) = 3091 lbftsec2

(19)
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With fr2 = 0.35
ω22 = 0.132((4600)(0.35)(10.5)(110))/3091)1/2 = 3.24 rad/sec = 185.7 deg/sec
The initial angular velocity at which the truck begins to spin immediately after impact is
185.7 deg/sec.
With a lever arm lx2 = 5 ft and a motorcycle weight of 560 lb (m1 = 560/32.2 = 17.4),
Equation 16 yields the velocity change of the motorcycle during the impact as:
∆V1 = (3091)(3.24)/((17.4)(5)) = 115 ft/sec or 78.5 mph.
The reader is reminded that the 78.9 mph is the is not the impact speed of the motorcycle
against the side of the truck. It is the velocity change experienced by the motorcycle
during the collision itself.
The impulse between both vehicles is Py = m1 ∆V1 = (17.4)(115) = 2001 lbsec.
If the motorcycle had come to rest at the point of impact, then the impact speed would
have been 78.5 mph. However, if the motorcycle had slid a distance after impact, then
the impact speed of the motorcycle would have been
V11 = ∆V1 + V12y; ft/sec

(20)

where the after-impact velocity V12y = (2 a12 S12)1/2; ft/sec with S12 and a12 distance and
deceleration after impact of vehicle 1, respectively.
Inspection of the damage sustained by the side of the pickup truck and motorcycle shows
severe crush depth, most likely indicating plastic impact. The assumption of plastic
impact at contact point A indicates that both vehicles reached a common after-impact
velocity at point A. That means that at point A V12y = V22y,A. It should be noted that
V22y,A is not the same value as the after-impact velocity V 22y at the center-of-gravity of
vehicle 2. V22y,A consists of two components, namely the linear y-component at the
center-of-gravity V22y of vehicle 2, and the velocity component caused by the clock-wise
rotation of vehicle 2 at point A, namely V22,Arot = ω22 lx2.
Since the after-impact angular velocity ω22 of vehicle 2 is known or can be computed
from accident scene data, we can compute the after-impact velocity V12y of vehicle 1 as:
V12y = V22y,A = V22y + ω22 lx2 = V22y + (3.24)(5) = V22y + 16.2; ft/sec
If vehicle 2 only rotated after impact without any linear motion, then V11 = 115 + 16.2 =
131.2 ft/sec. If vehicle 2, the pickup truck had also traveled a linear distance S22 after
impact, resulting in a V22y value, the impact velocity V11 of the motorcycle against the car
would have been greater by V22y = (2 a22 S22)1/2.
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When angular momentum is used, the lever arm or perpendicular distance lx between
impulse (or principal direction of force PDOF) and center-of-gravity is of critical
importance. WARNING! For example, if the lever arm had been measured incorrectly as
2.5 feet (instead of 5 ft), the velocity change of the motorcycle would have been 157 mph
instead of 78.5 mph. A secondary check by use of energy balance and crush energy
should always be done to ensure the accuracy of the primary reconstruction analysis.
The accident discussed above can be analyzed with MARC 1 Module X8 (plastic
impact), or with MARC 1 Module W3 setting e = 0. The input and output data for
MARC 1 W3 are shown in RUN 1. The impact speed of the motorcycle against the
truck is shown as 100 mph. The velocity change of the motorcycle using RUN 1 data is
∆V2 = V21 – V22 = 100 – 20.79 = 79.2 mph. The RUN 1 angular velocity of the truck is
ω12 = - 187 deg/sec. Consequently, MARC 1 W-3 RUN1 represents the accurate
reconstruction of the motorcycle/pickup truck accident.
3.2. RIGHT ANGLE NON-PLASTIC IMPACT
The impact configuration is similar to that illustrated in Figure 5, except the coefficient of
restitution must be considered. Figure 5 shows the impact configuration including
symbols used. An example of this type crash would be when a vehicle side-impacts a
stationary vehicle or trailer at the tire location with little actual crush damage. The
coefficient of restitution must be considered for an accurate crash parameter evaluation.
For a given impact configuration and known impact velocity V21, we will formulate the
problem to compute essential after-impact dynamic parameters. Vehicle 1 is stationary
prior to impact. We assume Py = 0. See also Section 33-9(b) of Ref. 1 for more details.
MARC 1 W3 can be used to analyze this problem.
3.2.1. IMPACT ANALYSIS
Impulse equations:
Vehicle 1:

Vehicle 2:

m1 (V12x - 0) = -Px

(21)

m1 (V12y – 0) = - Py = 0

(22)

Icg1 (ω12 – 0) = - Px ly1

(23)

m2 (V22x - V21) = Px

(24)

m2 (V22y – 0) = Py = 0

(25)

Icg2 (ω22 – 0) = 0

(26)

Coefficient of restitution equation in the x-direction:
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Material/structural properties at point B determine the restitution properties where a
common velocity will be reached. This common velocity will be reached at the end of the
compression phase of the impact, also that moment at which maximum deformation has
been attained.
The general definition of the coefficient of restitution is:
e = (V22 – V12)/(V11 – V21)
Applied to point B, where the contact occurs, in the x-direction, the impact-specific
coefficient of restitution becomes:
e = (V22x;B - V12x;B)/(V11x;B - V21x;B)
e = (V22x – (ω12 ly1 + V12x))/(0 – V21)

(27)

Equations 21 through 27 constitute the formulation of the case-specific problem. The
formulation contains seven unknown quantities, namely V12x, V22x , Px , ω12, V12y , V22y ,
ω22. Inspection indicates that V12y = V22y = ω22 = 0. Consequently, we must solve four
remaining equations for four unknown parameters.
The solution is:

Px = (1 + e) m1 V21/(1 + m1/m2 +m1 (ly1)2 /Icg1); lbsec

(28)

V12x = - Px/m1; ft/sec

(29)

V22x = Px/m2 – V21; ft/sec

(30)

ω12 = (- Px ly1)/ Icg1; rad/sec

(31)

The complete solutions are shown in Section 33-9(b) of Ref.1.
3.2.2. EXAMPLE AND MARC 1 COMPARISON
In the 90-degree side impact with a stationary vehicle 1, use the data that follow: W1 =
W2 = 3000 lb, V21 = 73 ft/sec, ly1 = 5 ft, Icg1 = 2000 lbftsec2, e = 0.
Substitution into Equations 28 through Equations 31 yields: Impulse of Px = 2149 lbsec,
V22x = - 49.9 ft/sec, V12x = - 23 ft/sec, ω12 = − 5.37 rad/sec, or − 307.7 deg/sec, in the
clockwise direction. If the coefficient of restitution had been e = 0.6, the impulse would
have been 3439 lbsec, V12x = - 36.9 ft/sec, V12x = - 36 ft/sec and ω12 = -492 deg/sec.
In the analysis above, impulse Py in the y-direction was considered insignificant.
However, there will be a small impulse in the y-direction due to the fact that vehicle 1
will not simply “disappear” rather it causes vehicle 2 to have a departure angle slightly to
the left of the 180-degree y-direction. It will be interesting to show what the effect of
ignoring impulse Py would have been by using the MARC 1 Module X8 computer
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program. All of MARC 1 Module X programs use e = 0, that is, reconstruct plastic
impacts. The input and output data are shown in MARC 1 RUN 2. Note that lx1 = 3 ft,
ly2 = - 5 ft to account for the width of vehicle 1 and c.g.-location in the y-direction of
vehicle 2.
The total, resultant impulse is 2,288.40 lbsec under an angle of 168.96 deg relative to
vehicle 1. The impulse in the x-direction Px = 2,288.40 cos168.980 = 2,246 lbsec, and in
the y-direction Py = 2,288.40 sin168.980 = 437 lbsec. If we had used input data in the
MARC 1 Module X8 program to eliminate the effects of any impulse in the y-direction,
namely by making the distances from the center-of-gravity along the x-axis equal to zero
for both vehicles (lx1 = 0 and lx2 = 0), the computer output data are identical to the results
obtained in the manual calculations (Py = 0).
3.3. IMPULSES IN X - AND Y- DIRECTIONS
A motorcycle had fallen on its side and slid at low speed against the left front tire of a
stationary pickup truck. The motorcycle impacted the tire with its seat and fuel tank,
slung around towards the front and away from the truck. The operator of the motorcycle
impacted the driver’s door with his head. The rest position of the motorcycle was past
and to the left of the left front tire of the truck as shown in Figure 6 and 7.
Standard linear momentum will not yield a solution since the truck is stationary, and
consequently, will not provide an impulse to the left or in the x-direction to force the
motorcycle to the left side of the road. Readers are cautioned against simply using the
after impact distance and a drag factor, and calculating an after impact speed, and then
adding some guessed crush energy to calculate an impact speed. Readers are reminded
that in a fairly low-impact with large weight differences and elastic crash factors (tire),
the crash or impulse analysis must include the coefficient of restitution.
3.3.1. IMPACT ANALYSIS
The details of the (car-pole) impact analysis are discussed in Section 33-9(a) of Ref.1.
MARC 1 W1 analyzes the crash.
The accident scene diagram is illustrated in Figure 8. Vehicle 1 (motorcycle) impacts the
rigidly located elastic left front tire of the stationary pickup truck. Vehicle 1 departs the
point of impact under angle α12. Vehicle 2 could be a tree or any other fixed immovable
object.
The detailed nomenclature is shown in Figure 9 similar to Figure 33-21 of Ref 1. Figure
9 is reversed from Figure 8 to be consistent with the text in Ref.1. The reactions
between vehicle 1 and vehicle 2 at the contact point are caused by impulse in the x- and
y-directions. The mass of vehicle 2 is assumed to be very large, or infinite in relationship
to vehicle 1. Consequently, we only have to consider impulse equations for vehicle 1.
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Impulse Equations:
m1 (V12x - 0) = Px; lbftsec

(32)

m1 (V12y - V11) = Py; lbftsec

(33)

Icg1 (ω12 – 0) = - Px ly1 -Py lx1; lbftsec

(34)

Hooking assumption in x-direction about impact point B:
V12x - ω12 ly1 = 0; ft/sec

(35)

Coefficient of restitution equation at point B in the y-direction is formulated with respect
to point B where a common velocity Vc = 0 will be reached during impact.
e = (V22 – V12)/(V11 – V21) = (0 – (V12y - ω12 lx1)/(V11 – 0)

(36)

Equations 32 through 36 are independent of each other, containing five unknowns.
The solution is:
x-direction:

Px = (1 + e)(V11) (m1)2 lx1 ly1/IB; lbsec

where:

IB = ((lx1)2 + (ly1)2) m1 + Icg1; lbftsec2

y-direction:

Py = - Px(Icg1/(m1ly1) + ly1); lbsec

(38)

V12x = - Px/m1; ft/sec

(39)

V12y = - Py/m1 + V11; ft/sec

(40)

ω12 = - Px ly1 /m1; rad/sec

(41)

(37)

3.3.2. MOTORCYCLE SLIDES AGAINST TRUCK TIRE
We use Equations 37 through 41 to solve for the after-impact velocities directly, resulting
in (see Section 33-9 of Ref. 1):
Py = - (1 + e) m1 V11 (1 – (m1 (lx1)2/IB)); lbsec

(42)

V12x = (1 + e) m1 lx1 ly1 V11/IcgB; ft/sec

(43)

V12y = (1 – (1- (m1 (lx1)2/IcgB)(1 + e))V11; ft/sec

(44)

ω12 = (1 + e) m1 lx1 V11/IcgB; ft/sec

(45)

From the accident scene data we can calculate the after-impact velocity of the motorcycle
as:
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V12 = (2 a12 S12)1/2 = ((2)(11)(20))1/2 = 20.9 ft/sec or 14.3 mph
where a drag factor of 11/32.2 = 0.34g and a post impact distance of 20 ft were used.
From the known departure angle α12 = 380 we compute the after-impact velocity
component in the x-direction as:
V12x = V12 cos α12 = 20.9cos 38 = (20.9)(0.788) = 16.5 ft/sec or 11.3mph
Solving Equation 43 for V11 yields with m1 = 19 lbsec2/ft, lx1 = 2.3 ft, ly1 = 1.0 ft, e = 0.8
and IB = 20 + 19(2.32 +1.02) = 140 lbftsec2 :
V11 = (V12x IcgB)/(m1 lx1 ly1 (1 + e)) = 29.3 ft/sec or 20.0 mph
We can now use Equation 44 to check the accuracy of our answer by computing the
theoretically reconstructed velocity component in the y-direction:
V12y = (1 – (1 – ((19)(2.32)/140)(1 + 0.8)) (29.3) = 14.4 ft/sec or 9.82 mph
When compared with the departure velocity calculated from accident scene data of
V12y,scene = 20.9 sin 38 = (20.9)(0.616) = 12.9 ft/sec versus 14.4 ft/sec,
we notice, that the (lx1)2 term in Equation 44 (and indirectly also in Equation 42) is very
sensitive to the V12y-calculations.
For a fully plastic impact with e = 0, the impact speed of the motorcycle against the tire
would have been V11 = 36 mph. The reader must understand, that the main purpose of the
analysis presented here is to demonstrate the influence of restitution during the crash, and
not to represent data that can be simply “plugged” into another case.
The motorcycle/truck tire crash is shown in MARC 1 W1 RUN 3. The reader is reminded
that the mass moment of inertia Icg with respect to the center-of-gravity of the motorcycle
is the input data into MARC 1 W1. MARC 1 W1 automatically computes the mass
moment of inertia IB with respect to the point of rotation B (equation below Equation 37).
MARC 1 W1 RUN3 results compare well with manual calculations.
4.0 STEER IMPACTS CATTLE GATE
During loading steers into a semi-trailer, a steer turned around and ran into the gate
opposite the trailer. Since the gate was not latched, the impact forced the gate to swing
open, hitting a cowboy in the head near the end of the gate, fatally injuring him. The
basic layout is illustrated in Figure 10. Of course, the steer could be any other motor
vehicle.

24

25

26

We must formulate the problem to determine the impact speed as well as approximate
impulse of the gate against the cowboy’s body.
4.1. STEER/GATE IMPULSE ANALYSIS
The impulse equations are:
m1 (V12y – V11) = - PA ; lbsec

(46)

m2 (V22y – 0) = PA – PB; lbsec

(47)

I2B (ω22 − 0) = PA lx2; lbftsec

(48)

I2B = Icg2 + m2 (lcg2)2; lbftsec2

(49)

The rotational assumption (also called hooking assumption) is:
V22y = ω22 lcg2; ft/sec

(50)

The coefficient of restitution at point A in the y-direction is:
e = (V22 – V12)/(V11 – V21) = (ω22lcg2 − V12)/(V11 – V21)

(51)

Equations 46 and 47 as well as 49 through 51 contain five unknowns. They can be
solved as:
PA = ((1 + e) V11 m1 IB2)/((lx2)2 m1 + IB2); lbsec

(52)

V12 = V11 – PA/m1; ft/sec

(53)

ω22 = PA lx2/IB2; rad/sec

(54)

V22 = ω22 lcg2; ft/sec

(55)

PB = PA – m2V22; lbsec

(56)

Example: Use m1 = 1000/32.2 = 31 lbsec2/ft; m2 = 1200/32.2 = 37.3 lbsec2/ft; V11 = 25
mph; e = 0.2; IB2 = 980 lbftsec2; lx2 = 18 ft; lcg2 = 12 ft.
PA = (1 + 0.2)(36.65)(31)(980)/((31)(18)2 + 980) = 121.1 lbsec
V12 = 36.65 – (121.1)/31 = 32.2 ft/sec
ω22 = (121.2)(18)/980 = 2.23 rad/sec
V22 = (2.23)(12) = 26.8 ft/sec
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PB = 121.1 – (37.3)(26.8) = - 878.5 lbsec
4.2. GATE/COWBOY IMPULSE ANALYSIS
The second problem involves the impact of the gate against the cowboy. The steer moves
with V12 = 32.2 ft/sec after impact. The gate at point A (steer impact ppoint) moves with
an initial velocity of V21,A = (2.23)(18) = 40.1 ft/sec. Consequently, the gate will swing
away from the steer after impact. The second impact involves only the gate swinging
against the stationary cowboy. The angular velocity of the gate before impact with the
cowboy is equal to the angular velocity after impact from the previous analysis.
The impulse analysis is similar to the previous one. Point C defines the impact point
between the gate and the cowboy as illustrated in Figure 11. The velocity of the cowboy
with mass m3 = 200/32.2 = 6.21 lbsec2/ft and e = 0.3 is computed by:
V32 = (I2B /L)(ω21 + e V21,C/L)/(m3 + I2B/(L)2); ft/sec

(57)

PC = m3 V32; lbsec

(58)

Substitution yields with V21,C = (2.23)(24) = 53.52 ft/sec:
V32 = ∆V3 = (980/24)(2.23 + (0.3)(53.52/24)/(6.21 + 980/(24)2)
= 14.96 ft/sec = 10.2 mph
PA = (6.21)(14.96) = 92.9 lbsec
Would it have made any difference if the cowboy had been standing 12 ft from the gate
hinge, that is, L = 12ft? Then V21,C = (2.23)(12) = 26.4 ft/sec and V23 = 18.12 ft/sec or
12.4 mph.
5.0. VEHICLE IMPACTS HANGING IRRIGATION PIPE
This accident involves a farmer transporting a large irrigation pipe, hanging vertically
from the bucket of a backhoe, across an unlit highway at night at a low speed. A small
car impacted the pipe with the windshield with the bottom end of the pipe just clearing
the hood of the car, severely injuring the driver. We assume the pipe was stationary at
impact and the hinge point of the chain carrying the pipe did not move during impact.
The crash scene is illustrated in Figure 12.
IMPULSE ANALYSIS
m1 (V12 – V11) = - PB ; lbsec

(59)

m2 (V22 – 0) = PB – PA; lbsec

(60)
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I2A(ω22 – 0) = PB L; lbsecft

(61)

V22 = ω22 lcg2; ft/sec

(62)

Coefficient of restitution at impact point B in the x-direction is:
e = (V22 – V12)/(V11 – V21) = (ω22 L – V12)/V11 – 0)

(63)

I2A = Icg2 + m2 (lcg2)2; lbftsec2

(64)

V12 = (m1 L2 – e I2A) V11/(I2A + m1 L2); ft/sec

(65)

ω22 = (1 + e) m1 L V11/(I2A + m1 L2); rad/sec

(66)

PB = (1 + e) m1 I2A V11/(I2A + m1 L2); lbsec

(67)

The solution is:

The total crush energy sustained by both vehicle and irrigation pipe is obtained from
energy balance, that is, the energy at the end of the process or impact equals the energy at
the beginning of the process minus the crush energy Ec (see Section 21-6 of Ref. 1).
Application to our problem yields:
Ec = Eb – Ee = KE11lin – (KE12lin + KE22rot)
Ec = ( m1/2) (V11)2 – ((m1/2) (V12)2 + (I2A/2)(ω22)2); lbft

(68)

Consider the following data: m1 = 2200/32.2 = 68.3 lbsec2/ft; L = 7 ft; lcg2 = 4 ft;
e = 0.25; I2A = 400 lbftsec2; V11 = 35 mph = 51.3 ft/sec. The numerical solutions are:
V12 = 44.5 ft/sec; ω22 = 8.2 rad/sec; Ec = 8,864 lbft. Test results have shown, that a crush
energy range of approximately 8,000 to 12,000 lbft is required to crush the upper
windshield frame of a small car by approximately 12 to 15 inches.
6.0. SMALL CAR COLLIDES WITH COW
This crash involves a nighttime accident between a small car and a black cow. The cow
walked away in the direction of vehicle travel, was thrown onto the hood and windshield
and away from the car. The upper windshield frame and roof were crushed injuring the
driver. The windshield header crushed rearward approximately 15 in., and downward
approximately 9 in. The actual vehicle damage is shown in Figure 13.
We must determine the impact speed of the car against the cow and the delta-V
experienced by the car. No police after impact accident scene data were available. The
cow was not available for case specific data analysis.
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6.1. ENERGY BALANCE SOLUTION
Close inspection of the bumper damage reveals two indentations left and right of where
the front license plate used to be. The distance separating the indentations is
approximately equal to the distance between the left and right legs of the cow.
Consequently, the cow was either walking straight toward or away from the car. Since
the driver did not observe any reflection from the cow’s eyes, it is more likely that the
cow walked in the road or was stationary facing away from the car.
Using the well-known relative impact speed equation (Equation 33-14 of Ref. 1):
V11 – V21 = (2 Ec (m1 + m2)/(m1m2(1 – e2)))1/2, ft/sec

(69)

Using m1 = 2920/32.2 = 90.7, m2 = 900/32.2 = 28 lbsec2/ft, e = 0, and the speed of the
cow equal to zero at the moment of impact in Equation 69 yields:
V11 = 0.306 (Ec)1/2 ; ft/sec

(70)

Consequently, we have to calculate all energies Ec that were “absorbed” during the crash.
1. Crush energy to the roof: Pendulum crash tests with a 900 lb cylindrical object
were conducted to approximate the actual roof crush damage, resulting in
approximately 10,000 lbft.
2. Potential energy: Lifting of the cow: Ep approximately (900)(3) = 2,700 lbft
3. Friction energy: Cow sliding on hood: Ef approximately (900)(0.8)(7) = 5040 lbft
4. Hood deformation, etc.: Estimated at 3,000 lbft
Total energy Ec = 20,740 lbft or approximately 21,000 lbft. Substitution into Equation 70
yields: V11 = 44.3 ft/sec or 30.2 mph. A speed of 30 mph is considered a minimum speed
since not all energy components can be accurately assessed or evaluated at all, such
shock absorbers, cow injuries, and rotational energies of the cow. MARC 1 W2 can be
used with 30 mph as input data to yield: V12 = 22.93 or 23 mph. Consequently, the car’s
delta-V is 30 – 23 = 7 mph.
The formulation resulting in Equation 70 assumes central impact with both the car and
cow achieving a common velocity during the impact. However, since the cow was
rotated up and thrown against the windshield header and away from the car, they most
likely did not achieve a common velocity during the impact process. The lack of specific
accident scene data in terms of the rest position of the cow relative to the point of impact
limits reconstruction accuracy.
6.2. IMPULSE ANALYSIS
The particular impulse analysis is shown in Section 35-4 of Ref. 1, where a car impacts a
vertical bar. The example shown is a classical example of engineering mechanics
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published before. MARC 1 T4 can be used to perform all calculations of the car/cow (or
pedestrian) impact.
.
The input and output data of the MARC 1 T4 RUN 4 are shown. An impact speed of 35
mph is used for the car hitting the cow. The output data show a ∆Vcar = 6.6 mph, and a
windshield impact speed of 19 mph. This speed of 19 mph of the cow relative to the
windshield corresponds to approximately 10,888 lbft of crush energy. Immediately after
impact, the car travels approximately 7 mph faster than the cow’s center-of-gravity.
The reader is reminded that this analysis is a simplification. It is presented here to allow
the reader to evaluate certain crash parameters to conduct a sensitivity study. Actual
crash tests conducted for this case had the cylindrical weight representing the cow located
laterally across the front of the car at impact, resulting in significantly less and different
crush deformations than actually exhibited by the subject car.
7.0. TWO-VEHICLE OBLIQUE CRASH WITH AFTER-IMPACT DATA MISSING
6.1. AFTER-IMPACT REST POSITION DATA MISSING FOR ONE VEHICLE
The engineering details as well as applications are discussed in Short Paper PCB 6 –
2006, entitled “Linear and Rotational Momentum – After-Impact Data of One Vehicle
Missing”. All engineering equations allowing the computations of both impact speeds
for a known impact configuration (required for rotational momentum) and after-impact
data of one vehicle (either vehicle 1 or vehicle 2) are presented in PCB 6 – 2006. The
MARC 1 X6 software provides the tools for a convenient and efficient solution to this
otherwise unsolvable problem. Based upon information available, no other accident
reconstruction software provides engineering equation in analytical format, namely the
direct calculation of both impact speeds based solely on after-impact vehicle and scene
data and impact configuration.
6.2. ONLY AFTER-IMPACT ANGLES ROTATED ARE KNOWN
The engineering details and MARC 1 X7 applications are presented in Short Paper
PCB 7 – 2006, entitled: Linear and Rotational Momentum – Only Angles Rotated-AfterImpact Known”. The engineering equation for computing both impact speeds, based
solely on after-impact angle rotations and rotational coefficients of friction as well as
impact configuration, are presented.
The author believes the formulation to be the only analytical accident reconstruction
solution of this type of two-vehicle oblique crash with the particular accident scene data
limitations.
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7.0. VEHICLE SIDE-SWIPE IMPACT AGAINST STRAIGHT WALL
The engineering details are discussed in Section 33-6 of Ref. 1. The crash configuration
is illustrated in Figure 14. The vehicle impacts the wall (or guardrail) and bounces off
under a departure angle.
IMPULSE ANALYSIS
x-direction:

m(-V12 sinα12 – V11 sinα11) = Px ; lbsec

(71)

y-direction:

m(V12 cosα12 – V11 cosα11) = Py; lbsec

(72)

Frictional constraints:

Py = f Px; lbsec

(73)

Where: f = friction coefficient between vehicle and wall
Coefficient of restitution in the x-direction:
e = (0 – V12 sinα12)/(V11 sinα11)

(74)

The solution is shown in Ref. 1 as Equation 33-45:
V11 = V12 cosα12/(cosα12 – f(1 – e)sinα11); ft/sec

(75)

Equation 75 can be used for crashes of vehicle against guardrails, cement barriers and
other vehicles. Equation 74 correlates well with cement wall crash tests with f = 0.3 to
0.5 and frequently e = 0. See also Accident Reconstruction Journal March/April 2007,
“Crash Testing and Evaluation of the Florida/Jersey Safety-Shaped Bridge Rail”, by
Dean C. Alberson, and others.
8.0. IMPACT WITH CURVED BARRIER
In this particular accident a vehicle had lost control, left the travel lane, and side-swipe
impacted a curved cement barrier sliding along the barrier and impacted a disabled
vehicle. We must formulate the problem to relate initial speed against the barrier to final
speed at impact with vehicle as a function vehicle/barrier coefficient of friction and
barrier radius. The basic crash scene is illustrated in Figure 15.
Energy balance requires that the energy at the end of the process equals the energy at the
beginning of the process minus the energy removed. Energy removed consists of the
friction energy against the wall, and possibly braking friction energy by the tires of the
vehicle. We assume, that all lateral force is absorbed by the normal force between
vehicle and wall, and hence, allow no tire side forces. This means only front or fourwheel locked braking can be considered.
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Taking the average of the normal forces existing at the beginning and the end of the
sliding process, energy balance becomes:
Ee = Eb - EtotalFriction
m/2 (V2)2 = m/2 (V1)2 – ((F1 + F2)/2 + W fb) S
where: F = drag force between vehicle and wall, lb
W = vehicle weight, lb
fb = braking drag factor
S = sliding distance along barrier, ft
subscript 1: beginning of process; subscript 2: end of process
The drag forces are: F1 = m/(2R) (V1)2 fw and F2 = m/(2R) (V2)2 fw; lb
where: fw = vehicle/barrier friction coefficient
R = radius of barrier curvature, ft
Solving the system of equations yields:
V1 = (((1 + fw S/R) (V2)2 + 2g fb S)/(1 – fw S/R))1/2; ft/sec

(76)

For example, for fw = 0.4, fb = 0.7, S = 100 ft, R = 200 ft and V2 = 40 ft/sec, Equation 76
yields V1 = 83 ft/sec. Without braking (fb = 0), V1 = 49 ft/sec.
The analysis can be fine-tuned by using a piece-wise formulation similar to the one used
in “Speed Calculations from Spin Marks”, Section 20-4(e) of Ref. 1.
Reference 1. “Motor Vehicle Accident Reconstruction and Cause Analysis” by Rudolf
Limpert, 5th Edition, 1999, published by MATTHEW BENDER & COMPANY, Inc.
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